Let L 2 = L 2 (D, rdrdθ /π) be the Lebesgue space on the open unit disc D and let L 2 a = L 2 ∩ Hol(D) be a Bergman space on D. In this paper, we are interested in a closed subspace M of L 2 which is invariant under the multiplication by the coordinate function z, and a Hankel type operator from L 2 a to M ⊥ . In particular, we study an invariant subspace M such that there does not exist a finite rank Hankel type operator except a zero operator.
§1. Introduction
Let D be the open unit disc in / C and Hol(D) be the set of all holomorphic functions on D. Let dµ = rdrdθ /π and L 2 = L 2 (D, dµ) the Lebesgue space. The Bergman space L 2 a on D is defined by L 2 a = L 2 ∩ Hol(D). Then L 2 a is the closed subspace of L 2 . When M is a closed subspace of L 2 and zM ⊆ M , M is called an invariant subspace. For ϕ in L ∞ = L ∞ (D, dµ), a Hankel type operator is defined by
where P M is the orthogonal projection from L 2 onto M . When M = L 2 a , H M ϕ is called a big Hankel operator and when M = z L 2 a ⊥ , H M ϕ is called a small Hankel operator. When
, H M ϕ is called an intermediate Hankel operator. It is easy to see that there does not exist a finite rank big Hankel operator except a zero one (see [5] , [6] ). On the other hand, there exist a lot of finite rank nonzero small Hankel operators (see [5] ). In fact, it is easy to see the results. E. Strouse [7] described completely all finite rank intermediate Hankel operators for some invariant subspace. In the previous paper [5] , we began to study finite rank intermediate Hankel operators for arbitrary invariant subspace. In [5, T heorem 3.2], we gave three necessary and sufficient conditions for M such that does not exist a finite rank intermediate Hankel operator except a zero one. In this paper, without the hypothesis on an invariant subspace M , we give a new necessary and sufficient condition for M which have a finite rank Hankel type operator except a zero one.
For an invariant subspace M in L 2 , ker H M ϕ denotes the kernel of H M ϕ and then
Hence ker H M ϕ is also an invariant subspace in L 2 a . Thus each invariant subspace M in L 2 is related to an invariant subspace in L 2 a by a Hankel type operator. In this paper, the following property of invariant subspaces in L 2 is important.
In Section 2, we generalize a theorem of S. Axler and P. Bourdon [1] . Then they will be used in the latter sections. In Section 3, we show that there does not exist a finite When M is an invariant subspace of L 2 , for a ∈ / C put ind a M = dim{M (z−a)M }. ind a M is called index of M at a. It is known (cf. [1] ) that for each n (0 ≤ n ≤ ∞) and for any a (∈ D) there exists an invariant subspace M with ind a M = n.
where M z is a multiplication operator on L 2 by the coordinate function z and P is the orthgonal projection from L 2 to N . If n = dim N < ∞, then there exists a polynomial b of degree n such that S b = b(S z ) = 0 and so bM 2 ⊆ M 1 . By (1), we may assume that Z(b) ⊂ D. We will prove that ∑ (ind a M 2 ; a ∈ Z(b)) ≥ n. We can write that b = a 0 n ∏ j=1 (z − a j ) and so
This contradicts that dim M 2 M 1 = n.
If ind a M 1 = 1 for any a in D or ind a M 2 = 1 for any a in D then M 1 = bM 2 and In this section, we study the relation between finite rank Hankel type operators and invariant subspaces. (z − a ) for 1 ≤ j ≤ n − 1 then ϕ j / ∈ M for 1 ≤ j ≤ n − 1 and ϕ 0 = bϕ. a such that M ∩ L ∞ = 0 . For it is known (see [4] ) that there exists a nonzero function f in L 2 a such that Z( f ) does not satisfy the Blaschke condition. Proof. This is a result of Corollary 7 and Proposition 2.
Proof. By
Proposition 3. If M is a weakly divisible invariant subspace of L 2 and ϕ is a unimodular function in L ∞ then ϕM is a weakly divisible invariant subspace.
Proof. From the definition of weakly divisibility, the proposition follows trivially.
Corollary 9. If ϕ is a unimodular function in L ∞ then ϕL 2 a is weakly divisible.
